FILIFORM LIE ALGEBRAS OF ORDER 3 



R.M. NAVARRO 



Abstract. The aim of this work is to generalize a very important type of Lie 
algebras and superalgebras, i.e. filiform Lie (super)algebras, into the theory of 
Lie algebras of order F. Thus, the concept of filiform Lie algebras of order F 
is obtained. In particular, for F = 3 it has been proved that in order to obtain 
all the class of filiform elementary Lie algebras of order 3 it is only necessary 
determine the infinitesimal deformations of the associated model elementary 
Lie algebra, analogously as that occurs into the theory of Lie algebras (Verge, 
1970). Also we give the dimension, using an adaptation of the s[{2, C)-module 
Method, and a basis of such infinitesimal deformations in some generic cases. 



1. Introduction 

The concept of symmetry, and its associated algebraic structures, is central in 
the understanding of the properties of physical systems. That is, in particular, that 
a better comprehension of the laws of physics may be achieved by an identification 
of the possible mathematical structures as well as their classification. Thus, for 
instance, the properties of elementary particles and their interactions are very well 
understood within Lie algebras. Furthermore, the discovery of supersymmetry gave 
rise to the concept of Lie superalgebras which becomes central in theoretical physics 
and mathematics. Among others, the possible generalizations of Lie superalgebras 
that have been proven to be physically relevant are color Lie superalgebras ([13j. 
[U, [Tg, m]) and Lie algebras of order F gl], [7]). 

In this paper we shall consider Lie algebras of order F, that constitutes the un- 
derlying algebraic structure associated to fractional supersymmetry ([4], [5], jl6) . 
[TT]). (note that a different approach has been proposed in [9]). Thus, Lie algebras 
of order 3 (or more generally Lie algebras of order F) were introduced as a possible 
generalisation of Lie superalgebras, in order to implement non-trivial extensions of 
the Poincare symmetry which are different than the usual supersymmetric exten- 
sion. A Lie algebra of order F admits a Zi?-grading, the zero-graded part being 
a Lie algebra. An _F-fold symmetric product (playing the role of the anticommu- 
tator in the case F — 2) expresses the zero graded part in terms of the non-zero 
graded part. This new structure was subsequently applied within the framework of 
the Poincare algebra, and a Quantum Field Theory with a non-trivial extension, 
different from supersymmetry. 

In particular, we will focus our study in generalize a very important type of 
nilpotent Lie superalgebra, i.e. filiform Lie superalgebras, obtaining the notion of 
filiform Lie algebras of order F. 
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The concept of filiform Lie algebras was firstly introduced in [25 by Vergne. 
This type of nilpotent Lie algebra has important properties; in particular, every 
filiform Lie algebra can be obtained by a deformation of the model filiform algebra 
L„. In the same way as filiform Lie algebras, all filiform Lie superalgebras can be 
obtained by infinitesimal deformations of the model Lie superalgebra L"'™ [1], [6] 
and tl2j . 

In this paper we generalize this concept obtaining filiform Lie algebras of order 
F and the model filiform Lie algebra of order 3. We have proved that in order to 
obtain all the class of filiform elementary Lie algebras of order 3 it is only necessary 
to determine the infinitesimal deformations of the model elementary algebra (see 
Theorem 2). 

We have given too the dimension, using an adaptation of the sl{2,C)- module 
Method^ and a basis of such infinitesimal deformations in some generic cases (see 
Theorems 3 and 4). Also, we have given some properties of the algebraic variety of 
elementary Lie algebras of order 3. 

We do assume that the reader is familiar with the standard theory of Lie algebras. 
All the vector spaces that appear in this paper (and thus, all the algebras) are 
assumed to be C-vector spaces with finite dimension. 

2. Preliminaries 

The vector space V is said to be Z^?— graded if it admits a decomposition in 
direct sum, V = Vq ®Vi ® ■■■ with F e W. An element X of V" is called 

homogeneous of degree 7 {deg{X) — d{X) — 7), 7 e Zp, if it is an element of Ky. 

Let y = Vo ffi © ■ • • Vf-1 and W = Wq ® Wi ® ■ ■ ■ Wp-i be two graded 
vector spaces. A linear mapping / : V — > W is said to be homogeneous of degree 
7 {deg{f) = d{f) = 7), 7 e Zp, if f(Va) C W^+^i^^od f) for all a e Zp- The 
mapping / is called a homomorphism of the Z^;'— graded vector space V into the 
Zi?— graded vector space W ii f is homogeneous of degree 0. Now it is evident how 
we define an isomorphism or an automorphism of Zj;^— graded vector spaces. 

A superalgebra g is just a Z2— graded algebra Q = Qo ® Qi, [10] and [19]. That 
is, if we denote by [ , ] the bracket product of g, we have [0a,fl^] C Qa+j3{mod2) for 
all a, /3 G Z2. 

Definition 2.1. Let g = go ©fli be a superalgebra whose multiplication is denoted 
by the bracket product [ , ]. We call g a Lie superalgebra if the multiplication 
satisfies the following identities: 

1. [X,Y] = -{-i)^-f>[Y,x] yx e g„,vr e g^. 

2. (-i)^-"[x, [r, z]] + (-i)°-^[y, [z,x]] + (-i)^-'[z, [x,y]] = o 

for all X e Qa,Y e gi3, Z e Q-y with a, /3, 7 e Z2. 
Identity 2 is called the graded Jacobi identity and it will be denoted by Jg {X, Y, Z) . 

We observe that if = go © fli is a Lie superalgebra, we have that go is a Lie 
algebra and gi has structure of go— module. 
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Next we recall the definition and some basic properties of Lie algebras of order 
F introduced in pp]. pi] and [7]. 

Definition 2.2. [3] Let F G N*. A Z_F-graded C-vector space g = 0o©0i©02 • • •© 
Qf-1 is called a complex Lie algebra of order F if 

(1) 00 is a complex Lie algebra. 

(2) For alH = 1, . . . , — 1, is a representation of go- If -'^ G flo, ^ £ fli, then 
[X, Y] denotes the action of X G go on F e fli for alH = 1, . . . , — 1. 

(3) For all i = 1, . . . , F — 1, there exists an F-Linear, go-equivariant map, 

Mi '■ S^{.Qi) — ^ 00, 

where {qi) denotes the F-fold symmetric product of Qi, satisfying the 
following (Jacobi) identity: 

^ /..(Yi, . . . , Fj-i, . . . , i>+i)] = 0, 

for ah Y,- e j = 1,. . .,F + 1 

Remark 2.3. If F = 1, by definition = 0o and a Lie algebra of order 1 is a Lie 
algebra. If F = 2, then g is a Lie superalgebra. Therefore, Lie algebras of order F 
appear as some kind of generalizations of Lie algebras and superalgebras. 

Note that by definition, the following Jacobi identities are satisfied by a Lie 
algebra of order F: 

For any X,X',X" e go, 

(2.3.1) [[X, X'],X"] + [[X", X],X'] + [[X', X"],X] = 0. 
For any X, X' e go and YGg^, i = l,...,F — 1, 

(2.3.2) \[X, X'] .Y] + [[X',Y],X] + [[F, X] , X'] = 0. 
For any X G go and Y,- G gi, j = 1, . . . , F , i = 1, . . . , F - 1, 

(2.3.3) [X,^l,{Yu . . . ,1f)] = M.([X,yi], . . . + • • ■ + ^^^{Yu • ■ • , [X,Yp]). 
For any Yj G g,, j = 1, . . . , F + 1 , i = 1, . . . , F - 1, 

F+l 

(2.3.4) K' ■ • ■ ' Y'J-i^Yo+i^ • • Yf+i)] = 0. 

Proposition 2.4. Let g = go © 0i © ■ ■ ■ ® 0_f-i &e a Lie algebra of order F , with 
F > 1. For any i = l,...,F — 1, the 7^2- graded vector spaces go © Qi inherits the 
structure of a Lie algebra of order F . We call these type of algebras elementary 
Lie algebras of order F. 
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In this paper, we are especially concerned by deformation and classification 
problems. Moreover, we restrict ourselves to elementary Lie algebras of order 3, 
= 00 ® 01- We also denote the three-linear map /xi by the three-entry bracket 
{.,.,.} and we refer to it as a 3- bracket. 

Example 1. Let 0o = so(2,3) and Qi its adjoint representation. Let {Ja,(i = 
1, . . . , 10} be a basis of 0o and {Aa = ad{Ja), a = 1, . . . , 10} be the corresponding 
basis of 01. Thus, one has [Ja, ^o] = ac?([^a, -h])- Let Tv{AaAb) be the Killing form. 
Then one can endow 0o ® 0i with an elementary Lie algebra of order 3 structure 
given by 

{Aa, Ab, A^} = Tr{AaAi)J^ + Tr(A„Ae) Jb + Tr(A(,Ae) J„ 

Example 2. Let go = {L^n, = — L,y^,P^, /i, = 0, — 1) be the Poincare 

algebra in D-dimensions and let 0i = {V^, /z = 0, — 1) be the £)-dimensional 

vector representation of 0o. The brackets 

[Pm.V'^] = 
{Vfj,, K, Vp} = r]f_,„Pp + rjppPv + rjp^Pp 

with the metric ry^ui/ = diag{l, —1, . . . , —1) endow = 0o © 0i with an elementary 
Lie algebra of order three structure. 

Definition 2.5. A representation of an elementary Lie algebra of order F is a 
linear map p : = 0o ® 0i — > End{V), such that for all Xi e 0o, Yj e 0i, 

pi[XuX2]) = p{X,)p{X2)-p{X^)p{X^) 
p{[X,,Y2]) = p{X,)p{Y2)-p{Y2)p{X,) 

p{Y^,...,Yp} = ^ 

Sp being the symmetric group of F elements. 

By construction, the vector space V is graded V = Vi}Q ■ ■ ■ ® Vf-i, and for all 
a = {0, ... ,F — 1}, Va is a 0o-module. Further, the condition p(0i)(14) C Va+i 
holds. 

3. Filiform Lie algebras of order F 

In this section we will focus our study in generalize a very important type of 
nilpotent Lie algebras, i.e. filiform Lie algebras obtaining the notion of filiform Lie 
algebras of order F. 

To do that we will star with a previous concept filiform module" . 

Definition 3.1. Let = 0o ® 0i ® • • • © flF-i be a Lie algebra of order F. Qi is 
called a go-filiform module if there exists a decreasing subsequence of vectorial 
subspaces in its underlying vectorial space V, V = Vm 3 •■• D V\ D Vq, with 
dimensions m, m — 1, ... 0, respectively, m > 0, and such that [00, V^+i] = Vi. 
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Definition 3.2. Let = flo ® Bi ® • • • ® Qf-i be a Lie algebra of order F. Then q 
is a filiform Lie algebra of order F if the following conditions hold: 

(1) Qo is a filiform Lie algebra. 

(2) Qi has structure of go-filiform module, for alH, 1 < i < F — 1 

From now on we will restrict our study to F = 3. Thus, if we take an ho- 
mogeneous basis {Xq, . . . , Xn, Yi, . . . , Ym, Zi,. . . , Zp} of a Lie algebra of order 3 

= 00 ffi 01 ffl 02 with G 00, Yj G 0i and G 02, then the Lie algebra of order 
3 will be completely determined by its structure constants, that is, by the set of 
constants {C^ , F,j, G^,i}i,j,;,fe tliat verify 



[Xi,Xj] = J2C^jXk, 

m 
P 

[Xi,Zj] = y^E^^Zk, 

k=l 

n 

{YuYj,Yi} = Y,FtjiXk, 

n 
k=0 



{Zt, Zj,Zi} 



<i < j <n, 

< i < n,l < j < m, 

<i <n,l < j <p, 

l<i<j<l<P, 



with 



/^k 



-CI, 



- F) F 



F 



ijl 



Tjk 



F 



jil 



Gk j^k j^k 

ijl — '^ilj — '^jU 



Tjk 

Gk ^k y^k 



rpk 



F: 



jli 



^lij jli Iji 

By the Jacobi identity we would have some polynomial equations that the struc- 
ture constants have to verify. All these equations give to the set of Lie algebras of 
order 3, denoted by £n,m,p , the structure of algebraic variety. 

We denote by Tn,m,p the subset of Cn,m,p composed of all filiform Lie algebras 
of order 3. 

If we consider A = {qq A Qq) ® (flo A 0i) ® (go A 02) ® ^'^(fli) ® •5^(02) and the 
multiplication of the Lie algebra of order 3 g = 0o ® 0i ® 02 as the linear map 

ip:A — )-0 

Let ipi, with 1 < i < 5, be the restrictions of to each of the terms of A, 

: 00 A 00 — > 00, 
V2 : 00 A 01 — S-01, 
<^3 : 00 A 02 — > 02, 

(/?4 : >5'^(0i) — > 00, 
■■ S^{Q2) — > 00- 

We denote this hy ip = (<^i, ip2, ^ps, </54, tpb)- Usually (pi, (p2 and (ps are represented 
by [, ], and <^4 and ips by {, , }. Let us now consider the action of the group GL{n + 
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1, m,p) = GL{ji + 1) X GL{m) x GL{p) on Cn,m.,p- For any {ho, /ii, ^12) e GL{n + 
1, m,p), this action is defined by 

{ho, hi, h2){(pi, (P2, (P3, <f4., IP5) > {'fi[,(p2,ip'3,ip'4,ip'5), 

where 

ip[iXi,X2) ^ h^^ifl{ho{Xi),ho{X2)), 
ip'2{Xi,Y2)^hl\2{ho{Xi),hi{Y2)), 
Z2) - h^\^{ho{Xi), h2{Z2)), 

ip'^{YuY2,Y^) = h^\i{hi{Yi), hi{Y2), hi{Y^)), 
ip'^{Zx,Z2,Zz) = h'^^(p^{h2{Zi),h2{Z2),h2{Z^)), 
The group GL{n + l, 'm,p) can be embedded in GL{n + l + m+p). It corresponds 
to the subgroup of GL{n+l+m+p), which let the subspaces goi 0i s-J^d 02 invariant. 
Denote by 0^p the orbit of tp — {ipi, ip2, ips, ipi, (^5) with respect to this action. Then 
the algebraic variety Cn.m,p is fibered by theses orbits. The quotient set is the set 
of isomorphism classes of (71 + 1 + m + p)-dimensional Lie algebras of order 3. 

Prior to studying general classes of Lie algebras of order 3 it is convenient to solve 
the problem of finding a suitable basis; a so-called adapted basis. This question is 
not trivial for Lie algebras of order 3 and it is very difficult to prove the general 
existence of such a basis. However, for the class of filiform Lie algebras of order 3, 
analogously as for "filiform color Lie superalgebras" [13], it can be obtained that 
there always exists an adapted basis. Thus we have the following result. 

Theorem 1. (Adapted basis) Let = 0o © 0i © 02 be a Lie algebra of order 3. 
Lf Q is a filiform Lie algebra of order 3, then there exists an adapted basis of g, 
namely {Xo, X^, Yi,..., Y^, Zi,..., Zp} with {Xq, Xi,..., X„} a basis of go, 
{Yi, . . . , Ym} a basis of gi and {Zi, . . . , Zp} a basis of g2, such that: 

■ [Xo,X,] =X,+i, \<i<n-\, 

[X0,Xn] =0, 
{Xo,Ym\=^ 

[Xo,Zk] = Zk+1, f<k<p-l, 
. [Xo,Zp] = 0. 
Xo will be called the characteristic vector. 

Remark 3.3. We observe that gi is a go-filiform module, then the subspaces V ~ 
V„i D ■ ■ ■ D Vi D Vo with dimensions m, m — 1, . . . , such that [go, Vi+i] — Vi 
there will be 

V„^=<Yi,..., Y^ >, =<Y2,..., Y,n >,..., Vi=< Y,n >, Vo=0 

Analogously for 02: V„i Zi,...,Zm >, Kn-i =< ^2,---,^m >, • ■ • and 

Vi Zrn >, Vo^O 

Remark 3.4. An adapted basis is composed by homogeneous elements. 
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Definition 3.5. The model filiform Lie algebra of order 3, is the simplest fih- 
form Lie algebra of order 3. It will be defined in an adapted basis {Xq, Xi, . . . , Xn, 
Yi,. . . , Ym, Zi,. . . , Zp} by the following non-null bracket products 

' [Xo,Xi]=Xi+i, l<i<n-l 



Mo = < 



[Xo,Yj]=Yj+u l<i<m-l 



[Xo,Zk]=Zk+i l<k<p-l 
We observe that all the three-brackets arc null. 

Examples. Other examples of filiform Lie algebras of order 3 distinct from the 

model are easy to obtain. Thus, 

1. /U^ ^ p is a family of non model filiform Lie algebras of order 3 and it can 
be expressed in an adapted basis {Xq, Xi, . . . , Xn, Yi, . . . , Ym, Z\, . . . , Zp} 
by the following non-null bracket and 3-bracket products 



l<i<n-l 
1 < j < m — 1 
l<k<p-l 



[Xo, Xi] — 
[Xo, Y,] = Yj-+i, 
[Xq, Zk] = Zk+i 
{Yi,Yi,Yi} = Xn 

{Z\,Z\, Z\\ = Xn 

If m > n then we have all a family of non model filiform Lie algebras of 
order 3: lJ-n,m,p that can be expressed in an adapted basis {Xq, Xi, . . . , Xn, 
Yi, . . . ,Ym, Zi, . . . , Zp} by the following non- null bracket and 3-bracket 
products 



2 



= < 



[Xo,Xi]=Xi+i, l<i<n-l 

[Xo,Yj]=Y,+i, l<j<m-l 
[Xo,Zk]^Zk+i l<k<p-l 
{Yi,Yi,Yi} = 3Xi 
{Y,,Y,,Y2} = X2 
{Y,,Y,,Y3} = Xs 
{YuYuYi} = X4 

^ {Y,,Y,,Yn} = Xn 

Prom now on we are going to restrict our study to elementary Lie algebras of 
order 3 due to its physicals applications. 

4. The algebraic variety of elementary Lie algebras of order 3 

By the Jacobi identity we have some polynomial equations that the structure 
constants hold. All these equations give to the set of elementary Lie algebras of 
order 3 the structure of algebraic variety (analogously as for Lie algebras of order 
3). 
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Wc denote by Cn,m the mentioned algebraic variety and by J>i,m the subset of 
jl^n,m composed of all filiform elementary Lie algebra of order 3. 
Next, we are going to define some descending sequences of ideals. 

Definition 4.1. Let = go © 0i be an elementary Lie algebra of order 3. Then, 
we define the descending sequences of ideals C^{qq) and C^{q\), as follows: 



C°(0o) = flo, C*^+'(0o) = [flo,C'=(0o)], fc>0 

and 

C°(0i) = 0i, C'=+i(fli) = [0o,C'=(fli)], fc>0 

Using the descending sequences of ideals defined above we give an invariant of 
elementary Lie algebras of order 3 called order-nilindex. 

Definition 4.2. If g = go © 0i is an elementary Lie algebra of order 3, then q has 
order-nilindex (po,pi), if the following conditions holds: 

(Cf°-i(0o))(C^'^-'(0i))7^O 

and 

C^'°(0o)=C^H0i) = O 



Remark 4.3. Note that are equivalent the definitions of "filiform" elementary Lie 
algebras of order 3 and "maximal order-nilindex" , maximal in the sense of lexico- 
graphic order. That is, if = 0o © 0i, with dim(0o) = n + 1 and dim{Q\) = m, is a 
filiform elementary Lie algebra of order 3 then g has maximal order-nilindex (n, m) 
and reciprocally. 

We note by the subset of Cn,m composed of all the elementary Lie algebras 

of order 3 with order-nilindex (r, s) where r < po and s < pi. 

Proposition 4.4. Af^"^' is QjTi dlgcbrciic suhvavicty of Hfi^m' 

Proof. The set Nfl%^^ of Cn,m is defined by the restrictions CP"(go) = and 
C^^(0i) = 0, but these restrictions are polynomial equations of the structure con- 
stants. Thus is closed for the Zariski topology and it will have the structure 
of an algebraic subvariety. We denote by the corresponding afHne variety. □ 

For simplicity we will refer to A/""'^ as Nn,m- 
Proposition 4.5. Each component of Tn,m determines a component of Mn,m- 
Proof. Tn,m=J^n,m ~ ■^n,m^'™~^ is a Zariski open subset of Mn,m- n 



CoroUciry 4.5.1. For any q G J^n,m the Zariski clousure of the orbit 0{q), 0{q) , 
will he an irreducible com,ponent of J\fn,m 
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5. The class of filiform Lie algebras of order 3 

Recall that the concept of filiform Lie algebras was firstly introduced in [22\ by 
Vergne. This type of nilpotent Lie algebra has important properties as it has been 
seen in section above; in particular, every filiform Lie algebra can be obtained by 
a deformation of the model filiform algebra L„. In the same way as filiform Lie 
algebras, all filiform Lie superalgebras can be obtained by infinitesimal deformations 
of the model Lie superalgebra L"-'™ [1], [6] and [12]. In this paper we generalize this 
result for filiform Lie algebras of order 3. In particular, for elementary Lie algebras 
of order 3. 

Next, we are going to generalize the concept of infinitesimal deformations for 
elementary Lie algebras of order 3. For more details of deformations of elementary 
Lie algebras of order 3 see [7] . 

Definition 5.1. Let fl = flo © 0i be an elementary Lie algebra of order 3 and 
let A = (go A flo) © (flo A gi) © S''^(gi). The linear map ij^ : A — > g is called an 
infinitesimal deformation of g if it satisfies 

|J,o'lp + ^pofl — 

with /i representing the law of g. 

If we consider the restrictions of and ip to each of the terms of A, i.e. i/j ~ 
V"! + "02 + '4'3 and H — ^J-l + ^J.2 + respectively, with 

V"!, A*i : 00 Ago — > go, 

i/'2, : 00 A gi — > gi, 

V'a, Ai3 : -5*^(01) — > 0o, 
then the condition to be an infinitesimal deformation can be decomposed into 4 
equations: 

(1). ^il{'^Pl{x,,x,),Xk) + MtJ^i{Xr.x,),Xk) + ^il{MXk.x,),x,)+ 
V-i [Xu , X,) , X, ) + /ii ( Vi [Xj ,Xk),x,) + v-i (^1 {X, , Xfe) , ) - o 

{2). ^l2{Mx^,Xj),Y) + ^2{^ll{x^,XJ),Y) + ^l2{MXJ,Y),Xi)+ 
^2 im {X, ,Y),Xi) + n2 (^2 {Y, x,),x,) + v^2 {y, x,),x,) = q 

{i). ^l^{X,^^{Y,,Y,,Yk))+MX.^J.3{Y^.Y,,Yk)) - ^l:i{MXY,),Y,,Yk)~ 
Mm{XY,),Yj,Yk) - ii3{Y,,MXY,),Yk) - ^Y,, ^l2{XY,),Yk)- 
^^3{Y,,Y,,MXYk)) - MY^,Y,, ^X2{XYk)) - 

(4) . 2 (i^^ , V'a (i^, , ifc , ) + ^-2 (K„ A^a (F, , Ffc , ) ) + 2 (r„ V'a (r„ Ffc , yO ) + 
MY,,l^3{Y,,Yk,Yi)) + ^l2{Yk,MY^,Y,,Yl)) +MYk,iiz{Yi,Y,,Yi))^ 

m{YuMY^. r„ Ffe)) + MYi,ii:i{Y,,Yj,Yk)) = 
for aU X, X„ X^.Xk e go and Y, Y„ Yj,Yk, Yi e gi. 

Theorem 2. (1) Any filiform elementary Lie algebra of order 3 law fj, is isomorphic 
to fiQ + ip where fj,o is the law of the model filiform elementary Lie algebra of order 
3 and ijj is an infinitesimal deformation of i^q verifying that iP{Xq,X) = for all 
X ^ fio, with Xq the characteristic vector of the model one. 
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(2) Conversely, if ip is an infinitesimal deformation of a model filiform elemen- 
tary Lie algebra of order 3 law fiQ with iplXo^X) = for all X G fiQ, then the law 
fiQ + ip is a filiform Lie algebra of order 3 law ifftl)oil) = Q. 

If we consider the restrictions of '0 to each of the terms of A, i.e. ip = ipi +V'2+'03j 
then the condition -00-0 = can be decomposed into four equations, i.e. 

(1) . MMx^,XJ),Xk) + MMXk,x,),x,) + MMXJ,Xk),x,)^o 

(2) . ^2{MX^,XJ),Y)+iJ2{MY,X,),XJ)+^J2{MXJ,Y),X,)=0 

(3) . MX,MY^,YJ,Yk)) ~ MMX,Y,),Y,,Yk) - MY^,MX,Y,),Yk)- 

MY^,Y,,MX,Yk))=0 

{A). MY^,MYJ,Yk,Yl)) +MYJ,MY^,Yk,Yl)) +MYk,MY^,Y„Yl)) + 
MYl,MY^,Y,,Yk))=0 

Remark 5.2. Note that these last equations are equivalent to Jacobi identities 
(EXTj) - for 

Proof of the theorem. 

(1) Let g = 00 ffi 01 be a filiform elementary Lie algebra of order 3 and let A = 
(So A go) ® (go A gi) © S''^(gi). Thanks to the theorem of adapted basis, its law fi 
can be expressed in a basis {Xq, Xi, . . . , X„, Yi, . . . , Ym} hy ^ = + ip, with /xg 
the law of the corresponding model filiform Lie algebra of order 3: 

[Xo,X,]^X,+i, l<i<n-l 
\ [Xo,X„]-0 
^""1 [Xo,Y,]=Y,+,, l<j<m-l, 
[^0,1^™] =0 

and ip a linear map ip : A — > g with ip{Xo,X) — for all X G q. 

As /i = /io + is a filiform elementary Lie algebra of order 3 it verifies the Jacobi 
identities (12.3. ip — (12.3.41) , but fi o ^ in the sense of Jacobi can be decomposed as 

/XO/x = /ioO^O + A*o°0 + 0°MO+V'°0 = O 

Taking into account that hq verifies the Jacobi identity we have that fiQO fj,Q = 
leading to //o ° + ° A'o + "0 ° "0 = 0. At this point we are going to consider two 
possibilities in the election of the basis vectors Xi, Yj: 

(1.1) If one of the vectors is equal to the characteristic vector Xq. In this case 
and considering that iIj{Xq, X) ~ MX e g we have that -0 o = and the above 
equation rests 

/^o ° "0 + ° /^o = 
Then -0 is an infinitesimal deformation of /xq 

(1.2) In this case all vectors are different of the characteristic vector. As /x = /xo+-0, 
it can be decomposed into /i — /xi + /X2 + Ma considering the restrictions of /x to each 
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of the terms of A. Then, /i = /io + V-" = Mi +/^2 +/^3 is the law of a fihform elementary 
Lie algebra of order 3 and so we have the Jacobi identities ()2.3.1|) — (|2.3.4p . i.e. 

(I0:T]) . ^I^i^I^ix„XJ),Xk) + flli^il (x^ ,x,),x^) + ^iMXj,Xk),x,) = o 

(i2X3| . ^i,{x,^i3iY,,YJ,Yk)) ~ ^l3i^i2{x,Y,),YJ,Yk) - ^I3{Y,,^I2{x,Y,),Yky 
^i3iY^,Y„^i2{x,Yk))^o 

(lO:^ ■ ^i2{Y,,tX3{Yj,Yk,Yi))+^2{Yj,^i3{Y„Yk,Yi))+^2{Yk,ti3{Y,,Y,,Yi)) + 
fi2iYi,ti3{Y,,Y,,Yk))^0 

also /^i is the law of a filiform Lie algebra with Xf) as characteristic vector; and the 
vector space < Yi,Y2, . . . , Y^ > has the structure of a go ~ filiform module with 
00 Xa,Xi,...,X„ >, i.e. H2{Qo,< Y„ . . . ,Y„, >) C< Y,+i,...,Y„, >. 

Next, we are going to prove that Xq ^ Imfi and so neither in Irmp, i.e. Xq ^ 
Imip. In fact, as fii is the law of a filiform Lie algebra being Xq as characteristic 
vector, then it is easy to prove using Lie theory of nilpotent algebras that Xa ^ 
Imfii. Thus, only remains to be seen that Xq ^ Imfi^. 

However, if there exist any Yi, Yj and Yfc such that fi3{Yi,Yj,Yk) = XXq + 
Sr=i ^i-Xi with A 7^ 0, then we always arrive to a contradiction. To do that we 
distinguish some cases. Without loss of generality we can suppose fisiYi, Yj,Yk) = 
Xq with i < j < k. 

Case 1. li i = j = k. In this case fi3{Yi,Yi, Yi) ~ Xq. For j, l<i<m — 1 using 
the equation (12.3.41) for the vectors Y^, Yi, Yi,Yi we have 

4/^2^, ^^3{Y^,Y,, Yi)) = ^ ^i2{Y^,XQ) = => ^iQ{Y,, Xq) - = (^^) 

we note that ^2iYi,XQ) — ^Q{Yi,Xo) because ipi^o, — ) = and ^ = ^q + ip. 
For i — m, using the equation ()2.3.3p for the vectors Xi, y,„, Ym, Y^ we have 

IJ-l{Xl, IJ.3{Ym,Y,yi,Y„i)) = 3ll3{ll2{XQ,Y„i),Y„i,Ym) 

but as TpiXo, — ) = and fi = ^q + %jj then, ii2{Xq, Ym) = ijlq{Xq, Ym) = and thus 

Q = ^ll{Xl,^i3{Ym,Ym,Ym)) = ^il{Xl,XQ) = ^iq{Xi,Xq) = -X2 

We observe that if m = 1, then we would use the subcase i = m for prove the 
result. However, we always have n > 1, that is, go is an authentic filiform Lie 
algebra, because for ti < 1 go is an abelian Lie algebra. 

Case 2. li i < j < k. In this case usiYi, Yj,Yk) ~ Xq with j,k > i. Thanks to the 
equation (|2.3.4p for the vectors F^, 1^, Yj,Yk we have 

, Ma , , >fc ))+ (l'^ , Ma , , i^fe ))+ M2 (IS- ' i^fe )) + 

+ti2{Yk,ii3{Y,,Y,,Y^)) = 
As '0(^01 ^) = and fi = fiQ + -0, then ^2{Xq, Yi) = /j,o(Xo, Yi) and thus 

~2Yi+i + a + 6 = 
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This constitutes a contradiction taking into account that < Yi , I2 , • • ■ , Ym > has 
thestructureof ago ~ filiform module, i.e. ^2(50, < ^i, • • ■ , ^^m >) C< li+i, . . . , > 
and thus a C< Yj+i, . . . , F„j > and 6 C< Yfe+i, . . . , F„j >. 

Case 3. If i = j < fc. In this case ^^{Yi^Yi^Yk) = Xq with k > i. Thanks to the 
equation p.3.4|) for the vectors Yi,Yi, Yi,Yk we have 

M2 , A^s (i", , , i^fe ) ) + M2 (r„ (1^ , , n ) ) + /i2 (1^^ , (K„ r„ n ) ) + 

+^^2{Yk,pi3iY^,Y,,Y,))^0 

Using a similar reasoning than in the precedent case we arrive to 
-3Yi+i + a ^ with a C< Yk+i, . . . , y,„ > 
which constitutes a contradiction. 

Thus, thanks to the precedent reasoning we have that Xq ^ Imfi and so neither 
in Imip. Then, we have that fiQoip + tpoiiQ = thanks to is the null map, i.e. 
a X ^ Xq ^ Y then HoiX, Y) = 0. Therefore, tp is an infinitesimal deformation of 

/iQ. 

(2) Let ip be an infinitesimal deformation of /ioj with fj,o a model filiform elementary 
Lie algebra of order 3. We have too that ip{Xo, X) = VX € L. 

For obtaining the Jacobi identity, that is /io o /iq + Mo ° "0 + "0 ° Mo + 'Z' ° V' = 
as Mo represents a filiform elementary Lie algebra of order 3 it verifies mo ° Mo = CI- 
As 4' is an infinitesimal deformation we have mo°V' + V'°Mo = and thus mo + 
verifies the Jacobi identity iff ■(/; o ■(/; = 0. q 

Corollary 5.2.1. Any filiform elementary Lie algebra of order 3 is a linear defor- 
mation of the corresponding model filiform elementary Lie algebra of order 3. 

Thus, in order to study the class of filiform elementary Lie algebras of order 3 it 
will be enough to determine all the infinitesimal deformations ip of the corresponding 
model /io that verify -00-0 = (these type of infinitesimal deformations will be 
called linear integrable). 

Recall that /io is the law of the model filiform elementary Lie algebra of order 
3. Then, we denote by Z{^q) the vector space composed by all the infinitesimal 
deformations of moi i^i verifying that ip{Xo,X) =0, V X G /iq. Next we will see 
that this vector space can be seen as direct sum of three subspaces of infinitesimal 
deformations what facilities its study. 

Proposition 5.3. Let ^(mo) be the vector space composed by all the infinitesimal 
deformations of mo that vanish on the characteristic vector Xo ■ Then, if we note 
by flo ffi 01 the underlying vector space of MO; 0o ^Oi^ii ■ • ■ jXn > and 
Qi =< Yi, . . . , Ym >, we have that 

Z{fio) = Z(mo) n i/om(go A 0o,0o) ® Z(mo) n i/oTO(go A 0i,0i) 
®Z(/io)ni?om(5'3(0i),go) 

:= A(BB(DC 
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Proof. Let ip be such that tp £ Z{fio) and ip{Xo, X) = 0, V X G /io- It is not difhcuh 
to see that = ipi + ip2 + i^a with V'l e Hom{Qo A go, 0o), ^"2 e Hom{Qo A fli, fli) 
and V'3 G -ffom(S'^(gi), go)- to complete the proof it only remains to verify that 
each of the above homomorphisms is also an infinitesimal deformation. 

As "0 = "01 + ^^2 + ^"3 is an infinitesimal deformation it will verify the equations 
of Definition 15.11 Taking into account the law of /ig and that ip{Xo,X) = 0, these 
equations remain as follows 

(1). MXj+i,Xk) + MXj,Xk+i) + [MXj.Xk),XQ] = o 

(2.1) . [MX^,X,),Yk]=0, l<i,j 

(2.2) . 4,2{X,+i,Yk) + [MX,,Yk),Xo]+MXj,Yk+i) = 

(3.1) . [Xl,MY^,Y,,Yk)]=0, 1<1 

(3.2) . [Xo,^JJ3{Y,,YJ,Yk)]~MY^+l,YJ,Yk)-MY^,Y^+l,Yk)~^JM,YJ,Yk+l) = 

(4). [Y,,MYj,Yk,Yi)] + [Y,,MY^,Yk,Yl)] + [Yk,MY.,Y,,Yi)] + 
[Yi,MYnY,,Yk)]^0 

for all Xi, Xj, Xk, Xi G go and Yi,Yj,Yk,Yi G gi. From equations (2.1) and (3.1) 
we can obtain that Irmpi C {Xi, . . . Xn) and Imip^ C {Xi, . . . X„) respectively. 
In fact, the ideal (^i, . . -Xn) := Vq is equal to its own centralizer in go and from 
equations (2.1) and (3.1) we obtain that ^pi{Xi,Yj) and ^3{Yi,Yj,Yk) centralize Vq, 
and are thus elements of Vq. Then the equation (4) disappears, and each of the 
remaining equations corresponds to the condition that has to verify each tpi for be 
an infinitesimal deformation. □ 



Then, as the vector space of infinitesimal deformations called 2'(/io) is equal to 
A® B (B C we will restrict our study to each vector subspace. Of all of them, the 
most important vector subspace will be C because any infinitesimal deformation ip 
belonging to C verifies that o -0 = 0, i.e. ip is linear integrable (see the conditions 
for being integrable in the statement of Theorem 2). Thus, /j,o + '0 will be a filiform 
elementary Lie algebra of order 3 with ?/> G C. 



6. s[(2, C)-MODULE Method 

In this section we are going to explain the sl(2, C)-module method to compute 
the dimensions of C. For the subspace A it can be seen the paper |TI], page 1160 
subsection dimension of Ci ; and for the subspace B it can be seen the paper |12) , 
page 134 subsection Dimension of Bi. 

Recall the following well-known facts about the Lie algebra s [(2, C) and its finite- 
dimensional modules, see e.g. [2], [8]: 
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5[(2,C) =< X-, H, X+ > with the foUowmg commutation relations: 

[X+,X_]=H 
[H,X+]=2X+, 
[H,X^] = -2X_. 

Let F be a n-dimensional s[(2, C)-module, V ~< ei, . . . , e„ >. Then, up to isomor- 
phism there exists a unique structure of an irreducible s[(2, C)-module in V given 
in a basis ei, . . . , e„ as follows [2]: 

X+ ■ ei = e^+i, I < i < n ~ I, 

X+ ■ e„ = 0, 

H ■ Ci = {—n + 2i — l)ei, 1 < i < n. 

It is easy to see that e„ is the maximal vector of V and its weight, called the highest 
weight of y, is equal to n — 1. 

Let Vo,Vi, . . . ,Vk be s[(2, C)-modulcs, then the space Hom((g)*L2Vi, Vb) is a 
0[(2, C)-modulc in the following natural manner: 

i=k 

{£,-tp){xi,...,Xk)^£,- fixi, ...,Xk) - ^f{xi, X^,X^+i, ...,Xn) 

i=l 

with e G sl{2, C) and (p G nom{(S)^^^V„Vo). 

An element cp G Hom(Vi (E)Vi(E)Vi, Vq) is said to be invariant if X+ ■ Lp = 0, that 

is 

(6.0.1) 

X+-ip{xi,X2,X3)-ip{X+-Xi,X2)-(p{xi,X+-X2)-pixi,X2,X+-X3) = 0, Va;i,X2,X3 G Vi. 

Note that cp G Hom(yi (g) Vi®, Vq) is invariant if and only if (/? is a maximal vector. 

On the other hand, we are going to consider the model filiform elementary Lie 
algebra of order 3 = So © 0i with basis {^o, ^i, • ■ • , ^n, Yi, ■ ■ ■ , Ym}- By defini- 
tion, an infinitesimal deformation p belonging to C will be a symmetric multi-linear 
map: 

p-.S^'iQi)^ go/CXo 

such that 
(6.0.2) 

[Xo,p{Y,,Y,,Yk)] ~ pi[Xo, Y^,Y,,Yk) - ^(F,, [Xo,Y,],Yk) - p{Y,,Y,, [Xo,Yk]) - 
with 1 < i < j < k < m. 

We are going to consider the structure of irreducible s[(2, C)-module in Vq = 



and 


in Vi 




. . , Y„,) 




01, 


thus 


x+ 


■X,-- 


= XiJ^i. 


1 < i 


< 


n — 


1, 


x+ 


■ Xn 


-0, 










x+ 


■Y-j = 


= Yj+i, 


1 <J 


< 


TO ^ 


-1, 


x+ 


. Y 


= 0. 











We identify the multiplication of X+ and Xi in the s[(2, C)-module Vq — {Xi , . . . , X„) , 
with the bracket [Xo,Xi] in go- Analogously, we identify Xj^ ■ Yj and [ATojYj]. 
Thanks to these identifications, the expressions ()6.0.ip and (|6.0.2p are equivalent, 
so we have the following result: 



FILIFORM LIE ALGEBRAS OF ORDER 3 



15 



Proposition 6.1. Any symmetric multi-linear map ip, ip : S^Vi — > Vo will 
be an element of C if and only if ip is a maximal vector of the sl{2,C) -module 
Roni{S^Vi,Vo), with = (Xi, . . . , X„) and Vi = (Yi, . . . , F™). 

Corollary 6.1.1. As each irreducible sl{2,C) -module has (up to nonzero scalar 
multiples ) a unique maximal vector, then the dimension of C is equal to the num- 
ber of summands of any decomposition o/ Hom(5'^Vi, Vq) into the direct sum of 
irreducible sl{2,C) -modules. 

Thanks to the symmetric structure of the weights, instead of to sum the maximal 
vectors it is possible, and easier, to sum the vectors of weight or 1. 

Corollary 6.1.2. The dimension of C is equal to the dimension of the subspace of 
Hom (5'^Vi,Vo) spanned by the vectors of weight or 1. 

7. Computation of the dimension and a basis of Z(^o) n Hom(5^0i,0o) 

In this section we are going to apply the s((2, C)-module method above to C = 
^(/xo) nHom(S'30i,go). 

Firstly, we consider a natural basis B of Hom(5'^gi, go) consisting of the following 
maps where 1 < s < n and 1 < i, j, fc, r, s < m: 

Xs a {i,j,k) ^ {l,r,s) 
in all other cases 

Thanks to Corollary 16.1.21 it will be enough to find the basis vectors ipf ,■ f, with 
weight or 1. The weight of an element ipf j j, (with respect to H) is 

= KXs) - A(r.) - A(y,) - XiVk) = 3m - n + 2(s - i - j - + l). 

In fcLCt 

{H • y„ Ffe) = H • pl^^,(Y.,Y,,Yk) - ipl^^.iH ■ Yi, Y,,Yk)- 

KiA^^^H • Y^^Yk) - Vl,,k(yi^ Y,,H ■ Yu) 
= H-Xs- fc((-™ - 1 + 2i)Y,,Y,,Yk)- 

'Pl,,kiYr^Y„i-m-l + 2k)Y,) 
= {-n - 1 + 2s)Xs - (-TO - 1 + 2i)Xs- 

(-TO - 1 + 2j)Xs - (-m - 1 + 2k)Xs 
= [3m -n + 2{s-i-j-k + l)]Xs 

Remark 7.1. If m — n is even then X{ip) is even, and if m — n is odd then X{p) is 
odd. So, if m — n is even it will be sufficient to find the elements ip^ j j. with weight 
and if m — n is odd it will be sufficient to find those of them with weight 1. 

In order to find the elements with weight or 1, we can consider the four se- 
quences that correspond with the weights of Vi =< ^1,^2, ■ • • , ^m-i, > (con- 
sidered three times) and Vq =< Xi, X2, . . . , X„_i, X„ >: 

— m + 1, — m 4- 3, . . . , m — 3, m — 1; 
— m + 1, — m -f 3, . . . , m — 3, m — 1; 
— m + 1, — m -|- 3, . . . , m — 3, m — 1; 
— n + 1, — n -|-3,...,n — 3,n — 1. 
We shall have to count the number of all possibilities to obtain 1 (if m — n is odd) 
or (if m — n is even). Remember that A((/5f ^ ;.) — \{Xs) — XiYi) — A(Yj) — A(Yfe), 
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where X{Xs) belongs to the last sequence, and A(li), A(Y,), X{Yk) belong to the 
first, second and third sequences respectively. 

For example , if m — n is even we have to obtain 0, so we can fix an element 
(a weight) of the last sequence and then to count the possibilities to sum the same 
quantity between the three first sequences, taking into account also the symmetry 
of </3f j In particular, we will apply this procedure to the cases to = 3 and odd n. 
Thus we have 

Theorems. // C = Z(/io) H Hom(S''^gi, go) and m — 3 and n is odd, then we have 
the following values for the dimension of C 



dim C — < 



2 if n = 1 
6 if n = 3 
8 if n 5 



10 if n = 2fc + 1, fc > 3 
7.2. Basis. 

In this section we are going to calculate a basis of C with m = 3 and odd 
n. Firstly, we are going to introduce a simpler weight of an element ip ^ C . It 
corresponds to the action of the diagonalizable derivation d, d € Der(/io), defined 
by: 

d{Xo) Xo, d{Xi) = iX„ d{Yj) ^ jYf, l<i<n, 1 < j < m. 
This weight will be denoted by p{f) ■ We have that 

Piflj,k) =s-i-j-k. 
We have the following relationships between the two weights: 

A(^) = 2p{ip) + 3m - n + 2, 
p{(p) 5(A(<y9) - 3m + n - 2). 

It is clear that two tp with different weights p they will be linearly independents. 



Next, we are going to define some symmetric maps ip and so we will consider 
ip(Yi, Yj,Yk) with i < j < k and for any other reordering of the vectors, p will have 
the same value by symmetry. Thus, let (/?! ^ and (^3.5 be elements of Hom(S'^Vi, Vq) 
with weights p{ipi,s) = s — 3 and p{p3,s) = s — 5, and defined by 

_ r pi,,{YuYi,Yi) ^ X, _ r ip3^s{Yi,Yi,Y3) ^ Xs 

^''^^'l ^i^.(Yi,yi,y3) = '^3,.-. j ^^^^^Y,,Y,,Y,)^0 

with 1 < s < n and satisfying the equations 

(7.2.1) [Xo,ipiY,,Yj,Yk)] = ip{Y,+,,Yj.Yk) + ipiY,,Yj+,,Yk) + p{Y„Y„Yk+i), 
with l<i<j<k<3 and i, j ^ 3. 

Thanks to the equations (j6.0.2p we observe that neither ipi^^ nor i^3_s are always 
elements of C. In particular, they will be elements of C if and only if they satisfy 
the equations 
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[Xo,(p(y„r3,>3)] = ^^+1,^3,5^3), with 1 < Z < 3. 

By induction it can be proved the following formula for ipi^s and Lp^y. 



"Pi,- 



■^1,3(^1 
. 'piA'Y^ 



— q^s+l 



Y2,Y2) 
Y2,Y^) 

i"3,>3) 

Y^,Y^) 
Y^,Y^) 



-^Xs^2 



<P3, 



^zAYi 


Yr 






VzAYi 


Y2 


Y2) = 




V^AYi 


Y2 


Y3) = 


2x3+1 


</'3,s(5^2 


Y2 


Y2) = 


-2x3+1 


VzAY2 


Y2 


Yz)^ 


~\Xs+2 


'^■iAYi 


Yz 


Yz) = 


Xs+2 


</'3,s(>2 


I3 


Yz) = 


-\Xs+Z 


. "PiAYd 


>3 


Yz) = 


-^Xs+i 



where ipi,s{Y^,Y^,Y^) and (^3 .,(¥3, Ys, Ya) have been completed in a natural way 
from (^1,^(^2, Y'ijY^) and <y93_s(Y2, Y3, Fs) respectively. Also, we supose that if s + i > 
n then Xg+i = 0. 

Proposition 7.3. The symmetric multi-linear maps ipi^s md ipi^^ defined above 
are elements of C iff 

p{(pi.s) = s — 3>7i — 7 and p(</'3,s) = s — 5>n — 7 

Proof. We only have to check whether (pi g and (p^ ^ satisfy or not the equations 

[Xo,ip{Y,,Y3,Y3)] = AY^+l,Y3,Y3), with 1 < i < 3. 

If p{(piA = n - 7, then s = n - 4 and (pi^n-iiYi^Y^^Y^) = -jgXn. Thus, 
(/3i_„_4(F2, ^3, F3) ~ </'i.n-4(5^3, ^3, F3) = which clearly satisfy the above equa- 
tions. If >n-7, then 1^3,^3) =(^1,3(12,^3,^3) =(^i,«(r3, 1^3,^3) = 
and also satisfies the above equations. 

If p{(pi,s) < n - 7, then </7i,s(yi, Y3, 13) = -j^Xs+4 and <^i,s(y2, 13, ^Is) = M^^+s 
with s + 5 < n. But from the equation 



[Xo, ViAYi,Y3, Y3)] = (^1,3(^2,^3,^3) 

which clearly constitutes a contradiction. Analo- 

□ 



36 



we would have that —j, 
gously, it can be proved the result for ip^ 

Proposition 7.4. Let (p ^ C with weight p — p{(p) < n — 8. Then 

V = ai<<5l,p+3 + a3<y53,p+5 

for some numbers a^. 

Proof. Let ip ^ C an infinitesimal deformation with weight p. Then (/?(Yi, Fi, Fi) = 
aiXp+3 and (/^(Fi, Yi, I3) = a3Xp+5. We are going to consider the difference 

* = (yj - ai(^i,p+3 + a3(^3,p+5 

It is easy to check that 'J is a symmetric multi-linear map such that 

^'(Yi , Fi , Yi) = ^(Fi , Fi , ^3) = 0. 

As ipi^s and (^3,3 satisfy the equations ()7.2.ip ^ satisfies them too, it is not difficult 
to see that \1/ vanishes which proves the result. □ 

Without lose of generality we can consider ai = 1, then we have 
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Proposition 7.5. // we define </3i,3,s by t/'i.a.s = fi,s + ^¥'3,s+2 and we consider 
p = s — 3 <n — 8, then (/Si^s.s is an infinitesimal deformation of C iff A ^ and 
p > n — 9. 

Proof. As ipi^s and ip^^g satisfy the equations ()7.2.ip . ipi,3^s satisfies them too. On 
the other hand, by construction ipi^s and ip^^s verify too the equation 

and so fi^s^s- Thus, V'l.s.s will be an infinitesimal deformation belonging to C iff 
it verifies the equation 

[Xo,(pi,3,.(ri,r3,y3)] = fl..3AY2,Y3,Y3) 

which leads to —jg + A = — ^, that is A — j^. Finally, as <i5i,3,s(i^3, ^3, ^3) — 
■^Xs+e for not to obtain a contradiction it is necessary that s + 6 = p + 9 > 
n. In fact, if s + 6 < n then [Xq, y^i, 3,^(^3, 1^3, Ys)] = = which is a 

contradiction. □ 

Remark 7.6. From now on, we will consider A = and thus (fii.s^s would be 

f ipi,3AYi,YuYi) ^ Xs, (/9i,3.s(yi,yi,r3) = ^^.+2 

¥'1,3,3(^1,5^1,5^2) — g-'^S + l, ¥'1,3,8(^1,5^2,5^2) = 



¥'l,3,s 



¥'l,3,s(52, 52, 5^2) — 931,3,8(5^1,5^2,5^5) — ^Xs+3 



¥^1,3,8(5^2, 52, 5^3) — 3^ -'^8+4, ¥'1,3,8(5^1, 5^3, 51j) — ^Xs+4 
¥^1,3,8(5^2, 53, y3) = ipi^3^s{Y3,Y3,Y3) — -^Xs+Q 

Thanks to the precedent results we can give a basis of C. 

Theorem 4. If C ~ Z{pq) n Hom(S''^0i, go) and m = 3 and n is odd, then we have 
the following vector basis of C 

• {ipi^i,(p3s} if n = 1 

• {<y5l,3,¥'l,2,<<5l,l,¥'3,3,¥'3,2,¥'3,l} if n = 3 

• {(y3i, 5, ¥'1,4, ¥'1,3, ¥'1,2, ¥'1,1, ¥'3,5, ¥'3,4, ¥'3,3} if n 5 

• {¥'l,n, ¥'1.11-1, ¥'l.n-2, ¥'l,Ti-3, ¥'1,ti-4, ¥'3,ti, ¥'3,n-l, ¥'3.n-2, ¥'l,3.n-5, ¥'l,3,r!-6} 

if n > 7 

Remark 7.7. As we have already noted before, for any ip C we will have a filiform 
elementary Lie algebra of order 3: fiQ + ip. 

8. Others families of Filiform elementary Lie algebras of order 3 

In this section we are going to give some others families of filiform elementary 
Lie algebras of order 3 by considering families of infinitesimal deformations "0 that 
verify ^ o -0 = (linear integrable) . 

To find infinitesimal deformations integrable we search in those of type C. Thus, 
we consider a family of maps, {ip}k with fc > 1 that verifies: 

MYk,Y„,,Y„,) = Xi and MY,Yj,Yi)=0, V {ij,l) / < (fc, m, m) 
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with < the lexicographic order. As ip is symnietric we consider i < j < k and any 
other reordering will have the same value by symmetry. 

By applying the conditions to be an infinitesimal deformation, i.e. 



Therefore we have the following Proposition 

Proposition 8.1. The family of elementary Lie algebras of order 3, in Cn,m, ihat 
follows 

{/io + V'fclfc l<k<m 
is a family of filiform elementary Lie algebras of order 3. 

Remark 8.2. Recall the expression of the model filiform elementary Lie algebra 
of order 3, /zq, that is the simplest filiform elementary Lie algebra. It is defined 
in an adapted basis {Xq, Xi,. . . X„, Yi,. . . , Ym} by the following non-null bracket 
products 



and note that in the Proposition above we always have n > 1, that is, Qq =< 
Xo,Xi, . . . Xn > is an authentic filiform Lie algebra, because for n < 1 go is an 
abelian Lie algebra. 

Next, we present another family of infinitesimal deformations integrable of /io, 
"tpt. Then /ig + ijjt will be a family of filiform elementary Lie algebras. 

Proposition 8.3. The family of elementary Lie algebras of order 3, in Ln,m with 
n>m, that follows 



[Xo,ipk{Yi,Ym,Ym)] = 'il)k{yi+i,Ym,Ym), k<i<m-l 



we have the final expression for {V'jfc with fc > 1: 




^pk{Yk+i,Ym,Ym) = Xi+i <i < min{n -l,m- k} 



in any other case 




{Mo + V't}* n-m <t <n 



with 



( Vt(i^i,n,yi) = 3Xt 



^t={ Myi,YuYi+,) = Xt+. 



l<i<n-t 



[ MY,Y,,Yi)=0 



in any other case 



is a family of filiform elementary Lie algebras of order 3. 
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